Decoherence of quantum systems from entanglement with an unmonitored environment is to date the most compelling explanation of the emergence of a classical picture from a quantum world. While it is well understood for a single decoherence channel, the role in the einselection process of a complex system-environment interaction remains to be clarified. In this paper, we analyze an open quantum dynamics inspired by CQED experiments with two incompatible decoherence channels. We study and solve exactly the problem using quantum trajectories and phase-space techniques. The einselection optimization problem is studied numerically and we show that Fock states remain the most robust states to decoherence up to a critical coupling.
I. INTRODUCTION
The strangeness of the quantum world comes from the principle of superposition and entanglement. Explaining the absence of those characteristic features in the classical world is the key point of the quantum-to-classical transition problem. The fairly recent theoretical and experimental progresses have largely reshaped our understanding of the emergence of a classical world from quantum theory alone. Indeed, decoherence theory [1] has greatly clarified how quantum coherence is apparently lost for an observer through the entanglement of the system with a large unmonitored environment. At the same time, this interaction with the environment allows to understand the emergence of specific classical pointer states, a process called einselection.
However, in the case of complex environments, the physics of decoherence can be much more involved. It is then necessary to consider the structure of the environment. A recent approach exploring this path, called quantum Darwinism [2, 3] , considers an environment composed of elementary fragments accessing a partial information about the system. While a lot of insights were originally model-based [4] [5] [6] [7] [8] , it has been proved that some basic assumptions of the quantum Darwinism approach, like the existence of a common objective observable, come directly from the theoretical framework of quantum theory [9, 10] .
Another possible source of complexity comes from the possibility that the environment can measure different observables of the system, potentially incompatible, at the same time, leading to many incompatible decoherence channels [11] [12] [13] . Interesting physical effects are coming from the subtle interplay between those incompatible channels. For instance, the physics of a quantum magnetic impurity in a magnetic medium can be modeled as an open quantum system problem in which the environment probes all three Pauli matrices, instead of only one as in the standard spin-boson model [14, 15] . * Electronic address: alexandre.feller@esa.int † Electronic address: benjamin.roussel@esa.int
Depending on the relative values of the coupling constants, different classical regimes emerge at low energy with one channel dominating the others. What's more, for some fine tuned cases, the more interesting phenomena of decoherence frustration occurs [15] where all channels contribute to suppress the loss of coherence of the system at all energy scales. This kind of subtleties in the einselection process have also been studied in circuit QED models [16] where, once again, the emergent classical picture is strongly dependent on the structure of the environment and the relative strength of its decoherence channels.
Thus, in the case of several incompatible decoherence channels, the problem of the emergence of a privileged basis is far from trivial. In this paper, we analyze the einselection process of a system in contact with two competing decoherence channels inspired by cavity QED experiments. The system is thought to be a mode of the electromagnetic field confined in a high quality cavity. The two sources of decoherence comes for the imperfections of this cavity and the atoms used to probe the field that are sent through the cavity. We base our analysis on the Lindblad equation to describe the effective open quantum dynamics. The problem is solved exactly using the quantum trajectory, the characteristic function and the quantum channel approaches allowing to properly characterize the different regimes and timescales of the problem. Still, the einselection problem, which is about finding the most robust (approximate) states to the interaction with the environment, has to be solved numerically, by looking at the short-time evolution of the open dynamics. Depending on the relative values of the coupling constant, we find the intuitive result that the einselected states interpolate between Fock and coherent states. However, we uncover the remarkable fact that Fock states remain exactly the optimal einselected states up to a critical value of the couplings that can be obtained analytically. Finally, in the long-term dynamics, the einselection process appears to be much more complicated.
The paper is structured as follows. In Section II, the model we wish to analyze is presented and derived from cavity quantum electrodynamics experiments. The core of the results are presented in Section III where the model arXiv:2001.10851v1 [quant-ph] 29 Jan 2020 is solved exactly. Section IV presents numerical evaluation of the Wigner function of the system which are used to properly analyze the different einselection regimes. We conclude in Section V, by discussing how our analysis could be generalized and understood from a more abstract perspective through the algebraic structure of the jump operators.
II. MOTIVATIONS FROM CQED
By managing to entangle a single mode of the electromagnetic field and an atom, cavity quantum electrodynamics (CQED) is a nice experimental setup to explore the foundations of quantum theory, quantum information and the physics of the quantum to classical transition.
One implementation of CQED [17] uses an electromagnetic mode trapped in high quality factor mirrors as a system which is probed by a train of atoms acting as twolevel systems (qubits) conveniently prepared. The setup can work in different regimes where the qubit is in resonance or not with the field. The off-resonance functioning mode, also called the dispersive regime, is particularly interesting since the atoms can be thought as small transparent dielectric medium with respect to the field with an index of refraction depending on its state. The atom is able to register some phase information about the field making it a small measurement device. In fact, a train of atoms can be thought as a non-destructive measurement device probing the number of photons in the field. Focusing our attention on the field itself, the atoms have to be considered as part of the environment of the field (even if it is well controlled by the experimentalist) giving rise to a decoherence channel having the Fock states as pointer states [17] . Similar experiments can also now be performed on circuit QED platforms [18] .
However, a second source of decoherence exists, not controlled by the experimentalist this time, and has its origin in the imperfections of the cavity. Indeed, while the quality factor is high enough to see subtle quantum phenomenon, photons can still get lost over time in the remaining electromagnetic environment. This second decoherence channel leads to a decoherence of the field mode on the coherent state basis of the electromagnetic field [19] , and introduces dissipation.
We thus have two natural decoherence channels in this experimental setup, one which selects photon number states and the other coherent states. However, those two basis are incompatible in the sense that they are associated to complementary operators, the phase and number operators. This strong incompatibility between those classical states motivates the question on which classical pictures, if any, emerge from such a constrained dynamics.
Before analyzing this problem in details, let's first put the previous discussion on firmer ground by deriving an open quantum system dynamics of the Lindblad form. We use a Born-Markov approximation of an effective Cavity ωc
Dynamics of the cavity. The cavity is coupled to its own electromagnetic environment and to an atom, itself coupled to its own electromagnetic environment. We suppose that the two electromagnetic baths are not coupled. Eventually, the coupling of the cavity to its bath leads to photon losses. The coupling with the atom, in the dispersive regime, leads to decoherence on the photon basis.
Hamiltonian describing a CQED experiment represented on Fig. 1 . As a starting point, consider the following Hamiltonian:
The system of interest is the mode confined in the cavity. Its free Hamiltonian H S is just the free harmonic oscillator at frequency ω c . The cavity mode is coupled to two other systems:
1. The atom at frequency ω eg . It is coupled to the cavity such that we are in the dispersive regime, giving the first term of H SE . The coupling constant χ(t) is given by g 2 (t)/4∆ where g(t) is the coupling constant in the Jaynes-Cummings model and ∆ = ω eg − ω is the dephasing between the qubit and the cavity. This atom is subjected to an electromagnetic environment described by the harmonic modes (ω
k ) coupled to it by a spinboson model. Both the atom and its electromagnetic environment form the first decoherence channel.
Other harmonic modes ω (c)
k describing the electromagnetic environment of the cavity. In the secular approximation, this environment leads to photon losses in the cavity. This is the second decoherence channel.
The first decoherence channel is given by the atom passing through the cavity. Its effect on the field is char-acterized by a correlation function of the form:
We remark that, in this case, the correlation function is independent of the state of the qubit ρ. We will rewrite the correlation function in terms of the variable τ = t − t . Supposing that G G (a) (t, τ ) e −iωτ dτ N . From there follows a Lindblad equation with the jump operator L n (ω) = 2G (a) (−ω)N . Unfortunately, it is not possible to satisfy those requirement for the function χ(t) (indeed, stationarity implies that χ should be a phase but, being real, it must be a constant which cannot satisfy the decay requirement). Thus, the time dependence must be kept in full generality in this model, breaking the usual stationarity assumption. This is not a problem for the derivation of a master equation of the Lindblad form, the only difference being that the rates will be time dependent. Still making the assumption of fast decay in the time coordinate τ , the usual steps of the derivation can be followed. We then end up with a timedependent Lindblad term proportional to the operator N : L n (t, ω) = 2G (a) (t, −ω)N .
A sufficient condition for the fast decay assumption to be valid is to have an exponential decay. This is the case in the Rydberg atoms experiment where the coupling constant follows the Gaussian beam in the cavity. If we send a stream of atoms, we still have to make sure that the assumption of fast decay in τ is valid. This implies that the atoms must be sent as a group to have the exponential decay of the correlation function.
The second decoherence channel comes from the leaky cavity and does not present any analytical difficulties. Supposing that those degrees of freedom are at equilibrium and at zero temperature, the Born-Markov equation then reduces to a Lindblad term with the jump operator L a (ω) = 2G (c) (−ω) a with G (c) the correlation function of the environment field modes at zero temperature.
Before going to the main analysis of the model, two remarks have to be made. The first remark is that if we were to prepare the experimental setup in the resonant regime, the atom-field interaction is modified in such a way that the atom can emit or absorb a photon from the mode. Staying in the Markovian regime would result in a dissipative dynamics equivalent to a photon emission and absorption albeit with very different transition rates. Thus, running the experiment in the resonant regime will not result in the dynamics we are interested in. The second one refers to the system-environment cut and the Markovian hypothesis. Here, we chose to consider as the system only the field mode, all the other degrees of freedom then being part of the Markovian environment. However, as it was done in [16] , it is also possible to consider as the system the field and the qubit while all the other electromagnetic field modes form the Markovian environment. Different decoherence channels acting on the qubit and/or on the field can be considered while the non-trivial internal Jaynes-Cummings dynamics adds another level on complexity.
III. DISSIPATIVE DYNAMICS

A. Position of the problem
The previous discussion shows that it is possible in principle to engineer a complex open quantum dynamics with two incompatible decoherence channels. Building on this motivating example, the problem we are interested in is to understand the einselection process of a field mode modeled by a simple harmonic oscillator subject to two decoherence channels probing two incompatible observables on the field. Abstracting ourselves from the CQED context, we consider from now on an open quantum dynamics modeled by a Lindblad equation with two time-independent jump operators:
Those two operators do not commute with each others and therefore can't be simultaneously diagonalised. The incompatibility between decoherence channels we are referring to has to be understood in this sense. Still, their commutator [L n , L a ] ∝ L a remains simple enough and this is the key to find an exact solution [12] . Given the two quantum jumps L a and L n , the Lindblad equation we want to analyze is:
where N is the number operator and ω c the frequency of the field mode.
To gain some intuition on the physics behind this dynamics, let's study the evolution of some average values. We will focus on the average position in phase space, which can be recovered directly from the average value of the annihilation operator a , as well as the variance around this position which are related to the average photon number N and the square of the annihilation operator a 2 . From those values, we can extract the average position and the fluctuations on an arbitrary axis x θ .
The observable N is in this case of particular interest. First of all, it gives access to the average energy of the cavity. Second, it is not affected by the proper dynamics of the cavity nor by the L n jumps. A direct computation gives the standard exponential decay of a damped harmonic oscillator with rate κ a :
This solutions gives the intuitive result that photon loss induces a decrease of the average number of photons in the cavity. On the contrary, both decoherence channels affect the average values of the annihilation operator a and its square:
We see that the average position in phase space oscillates at the frequency of the cavity and is exponentially suppressed at a rate (κ a + κ n )/2, different than the decay rate of the average energy. We can thus expect that the dynamics will lead to some increase in the fluctuations at intermediate timescales, when the cavity is not empty.
To put this statement on firmer ground, it is instructive to compute the average fluctuations along an axis x θ making an angle θ with the horizontal in phase space. A direct computation gives:
The first term 1/2 remains even when the cavity is empty and corresponds to the fluctuations of the vacuum. It is also the minimal isotropic fluctuations that satisfy the Heisenberg principle. The second term corresponds to isotropic fluctuations above the vacuum state and are, for instance, zero for coherent states but not for a thermal density matrix. Finally, the last term is the anisotropic part of the fluctuations and can be either positive or negative. Even though the overall fluctuations must satisfy Heisenberg inequalities, states can exhibit fluctuations below the vacuum ones in some directions. This property is called squeezing and is of particular interest for quantum technologies. If the initial state at t = 0 is a Fock state |n 0 , only the isotropic contribution N (t) = n 0 e −κat survives. In this case, the fluctuations are decreased solely because of the loss of energy in the cavity. This is due to the fact that the L a channel does not create any coherences between different Fock states, while the L n channel does not affect statistical mixtures of Fock states.
However, the situation is more subtle if we prepare a coherent state. A coherent state |α such that α = √ n 0 e iϕ gives the values N (0) = n 0 and a 2 (0) = n 0 e 2iϕ . The fluctuations for such a state are evolving according to:
As in the Fock state case, the fluctuations are exponentially suppressed in time as the cavity looses energy with a rate κ a . However, the situation is more interesting, because of the competition between both channels on the isotropic part of the fluctuations: on top of the exponential suppression, the L n channel tends to increase fluctuations up to the maximum possible for the average energy still stored in the cavity. As we will see later, this comes from the fact that the coherences between different photon numbers are suppressed over a timescale 1/κ n . The anisotropic part of the fluctuations, in this case, is always smaller than the isotropic part over the vacuum. The fluctuations will thus stay always above the vacuum fluctuations in any directions: this dynamics does not exhibit squeezing. At short times, however, the fluctuations behave as ∆x θ (t) (1+n 0 κ n t sin 2 (θ−ω c t+ϕ/2))/2. They stay identical in the axis given by (0, α), but are increased with a rate n 0 κ n in the orthogonal direction. At longer times, the anisotropic fluctuations decay, with an exponential rate (κ a + κ n ), faster than the isotropic decay rate κ a .
Those timescales are very important to properly follow the einselection process and we will analyze them in detail after having obtained the general solution.
B. Quantum trajectory approach
The Lindblad equation (4) can be solved exactly from the quantum trajectory approach [20] . One of the motivations for using this approach is that it is now possible to explore the dynamics of well-controlled quantum systems at the level of a single experimental realization [21] . In this sense, it is closer to the latest experiments studying decoherence. The strategy will be to first write the stochastic Schrödinger equation for the system, parametrise properly a trajectory, write its relative state and finally average over all possible trajectories to obtain the reduced density matrix.
The stochastic Schrödinger equation associated to the Lindblad Eq. (4) can be written as:
where µ(t) takes the values 0, 1, and 2 if there is no quantum jump, a jump L a or a jump L n respectively. A trajectory will be then parametrized by the type of jump and their occurrence time. We stress that the state |ψ c (t, [µ]) is not normalized, the probability of the trajectory t → µ(t) being given by
To have a better intuition of how a state evolves, let's start from a Fock state |m . Since it is an eigenstate of a † a, the trajectories µ = 0 and µ = 1 do not change the state and only induce a phase. However, the jump µ = 2 induces a photon loss and the state is changed into |m − 1 with a phase. Thus, a proper parametrization of a trajectory is to slice the evolution according to the L a jumps, as shown in Fig. 2 . There, a trajectory is parametrized by:
• N a jumps L a , indexed by the letter σ, occurring at times τ σ ,
• N σ jumps L n in the slice σ, indexed by the letter s, occurring at times t σ, For a given slice σ ∈ [[1, k + 1]] where τ k+1 = t and τ 0 = 0, the relative state obtained from Eq. (10) is proportional to the Fock state |m − σ . By denoting α(t, [µ]) the proportionality constant, we find:
Having the formal form of the state of the system relative to a given quantum trajectory, we can obtain the reduced density matrix by summing over all possible trajectories. Our parametrization is such that we can resum all the phases accumulated between each L a jumps easily and then average over all L a jump events. For the Fock state |m , only the diagonal elements of the reduced density matrix can be non zero. No coherences are induced since a Fock state remains a Fock state and no superposition appears. This immensely simplifying feature comes directly from the special commutation relation of the jump operators. We obtain:
Starting from a Fock state |m , the state |m − k is reached if k photons have leaked. The associated probability is given by
, which is the classical probability for a binomial experience B(m, p), where the probability p for a photon to leak between 0 and t is p = 1 − e −κat . We recover the standard evolution of a damped harmonic oscillator prepared in a Fock state.
The coupling constant κ n does not appear in this expression which means that the dephasing induced by an atom flux has no effect on a Fock state. Indeed, we saw that L n jumps induce a dephasing between Fock states. Since a unique trajectory keeps the cavity in a single Fock state, this dephasing is only a global phase shift and thus has no effect at all.
Since Fock states form a basis of the Hilbert space of the system, an analogous computation starting from any superposition of Fock states gives the general solution:
The physical content of this general exact expression is more transparent if we initially prepare a superposition of coherent states. What's more, those are the typical quantum states that are used in cavity quantum electrodynamics to study the decoherence process. Let's then consider the state |Ψ c = |α+ +|α− √ N where α ± = α e ±iθ/2 and N is a normalization factor. The initial density matrix is then given by:
where the notation ρ m,n (α + ) refers to the matrix element mn in the Fock basis of the density matrix of the coherent state |α + . The last two terms correspond to interferences between the two coherent states. Using Eq. (13), the time evolved density matrix at time t is given by:
where α ± (t) = α ± e −iωct e − κa 2 t . The effect of the two decoherence channels can be clearly identified. First, the term d a (t) = e −|α| 2 (1−e −κa t )(1−e iθ ) is the standard decoherence factor coming from the jump L a = √ κ a a (damped harmonic oscillator) which tends to destroy coherences between coherent states. On the other hand, the term e −κn (m−n) 2 2 t tends to destroy coherences between Fock states which are the natural pointer states of the channel L n = √ κ n N .
The interesting and surprising aspect of Eq. (15) is that, while the Lindblad jump operators do not commute, the overall evolution is, in a sense, decoupled. This can be made precise by using the quantum channels perspective. Indeed, by considering the operators H = −i(H ⊗1−1⊗ H) and D = µL µ ⊗ L µ − 1
integrate the coupling constants into the jump operators and the bar notation corresponds to complex conjugation), the Lindbald equation can be formally integrated as [22] :
The notation L H,[Lµ] (t) is here to remind us that the quantum channel depends on the set of jump operators L µ through the operator D. In our problem, we have two non-commuting jump operators L a = a and L n = N . Astonishingly, their respective quantum channels do commute, leading to:
Thus, while the generator of the open quantum dynamics do not commute, the associated quantum channels do (and decouple in this sense). The full dynamics of the model can be solved by parts by looking at the evolution of both quantum channels separately, which is an easy task. Nevertheless, this does not trivialize the einselection problem of finding the exact or approximate pointer states that entangle the least with the environment. The emergence of a classical picture does depend on the "fine structure" of the dynamics. Two natural decoherence timescales can be defined, still considering the initial state to be the superposition of coherent states |Ψ c . Associated to the L a channel, a decoherence timescale τ a is given by:
using that |α| 2 = n . Over time, this channel tends to empty the cavity. The relaxation timescale τ r deduced from the equation α(t) = e −κat/2 α is such that:
A second decoherence timescale τ n is associated to the L n channel. In the Fock basis, its expression is straightforwardly given by τ s = 2/κ n (m − n) 2 . Still, we can rewrite it in a form more suitable for coherent states. Indeed, coherent states have a Poissonian distribution of photons with an average n = |α| 2 and a variance ∆n = |α| 2 = n . Thus, the characteristic width ∆n of a coherent state gives a characteristic upper bound m − n ≤ ∆n. This allows us to extract a characteristic time which, as we will see, correspond to a spreading in the angle variable in phase space:
This timescale corresponds to the short time effect of L n . The long time effect is given for m − n = 1 and corresponds to a disappearance of the Fock states superposition. The associated timescale τ c , which corresponds to the formation of a rotation-invariant crown in phase space, is given by:
Thus, the two natural decoherence timescales for coherent states are τ a and τ c , corresponding to the loss of coherence on the coherent state and number state basis respectively. The scaling τ a /τ c κ n /κ a n implies that for sufficiently high energy, we can have a separation of decoherence times, by first seeing a decoherence over the coherent states followed by one on the number basis. However, as we will see over the next sections, this simple interpretation gets more subtle when we properly take into account relaxation and we initially prepare Fock states.
C. Phase-space approach
The general solution
Last section presented the general solution of the Lindblad Eq. (4) using the quantum trajectories approach. It is also possible to solve the same problem from a phasespace perspective using characteristic functions of the density matrix. This approach offers interesting physical insights on the dynamical evolution imposed by the two incompatible channels.
Given a density operator ρ, we associate a function C ρ (λ, λ * ), with λ ∈ C, defined as:
This function is called the characteristic function adapted to the normal order. All the normally-ordered average values can be recovered from it. Now, by taking each term of the Lindblad Eq. (4), it is a straightforward computation, using the BCH formula, to write it in terms of the characteristic function as:
By using polar coordinates λ = r e iθ , we obtain the more transparent form:
This equation is of the Fokker-Planck type with the righthand side being a diffusion term with a diffusion coefficient given by the coupling constant κ n . Thus, the channel L n tends to spread in angle the characteristic function. This is in accord with the first discussion of the evolution of fluctuations given through the average values. When only the channel L a is present, the differential equation is first order and can be solved by the method of characteristics [23, 24] . This is not directly the case here but can be remedied by going to the Fourier domain with respect to the variable θ. Doing this is indeed quite intuitive if we remember that the conjugated observable associated to θ is the number operator N which is the natural observable of the problem, and that both are related by a Fourier transform.
Let's then define a new characteristic function C ρ (r, n) =´C ρ (r, θ) e inθ dθ which is the Fourier series of C ρ (r, θ). We then end up with an in-homogeneous first-order partial differential equation:
By applying the method of characteristic, solving the equationsṙ = κ a andṅ = 0, we obtain the general solution for an initial condition C 0 (r 0 , n 0 ):
From the radial damping, we recover the usual damping rate leading to decoherence on the coherent state basis. Besides this usual behavior, we have a new damping term depending on the square of the Fock variable n which leads to the decoherence in the Fock basis with the characteristic timescale τ s already uncovered in Section III B.
Fock state decoherence
Different initial states can be prepared. We will naturally focus on two classes of states, Fock states |n and coherent states |α . As a warm up example, suppose that only the channel L n is present. If we prepare a Fock state |n , whose characteristic function is given by C |n (λ) = L n (|λ| 2 ) where L n is the Laguerre polynomial of order n, we know that it will not be affected by the environment and will evolve freely as can be readily checked from Eq. (26) . The important remark here is that the phase space representation of a Fock state or any statistical mixture of them is rotation invariant.
If we now prepare a quantum superposition of Fock states (|n 0 + |n 1 )/ √ 2, it is straighforward to show that the coherence part of the characteristic function, denoted C 01 , evolves as:
The coherence term between Fock states are damped by an exponential factor with a characteristic timescale 2/(n 0 −n 1 ) 2 κ n scaling as the quadratic inverse of the "distance" between the two components of the state. The is the expected decoherence dynamics of the exact pointer states of a decoherence channel.
Coherent states and the Wigner representation
In the spirit of cavity quantum electrodynamics experiments, it is more appropriate to study the evolution of coherent states and their superposition. Before discussing the dynamics of such states, it is necessary to introduce a better-suited phase-space representation then the one defined by Eq. (22) . Indeed, this latter function is a complex-valued function which is not the best choice for representation purposes. From the characteristic function C ρ (λ, λ * ), we can recover an equivalent, real-valued, phase space representation called the Wigner function W ρ (α) of the state ρ (with the parameter α ∈ C) defined as the following integral transform [23, 25] :
Using the position and momentum coordinates in phase space α = x + ip, we recover the common expression:
The Wigner function is used in a wider context than quantum optics [26, 27] and possesses a nice set of properties to represent quantum interferences in a transparent way. We will use it throughout this paper to represent our analytical and numerical results. Its expression in terms of the density matrix in the Fock basis can be found in Appendix A. Furthermore, since the proper dynamics of the field mode can be factored out, the dynamics is pictured without the rotation in phase space that it introduces.
If we now prepare a coherent state |α whose characteristic function is given by C |α (λ) = e α * λ−αλ * , its evolution in the presence of only the L n decoherence channel is given by the convolution of the initial characteristic function with a Gaussian function N of the angle variable θ spreading in time with a variance σ 2 = κ n t (see Appendix B). In terms of the Wigner function, we have:
with W 0 the initial Wigner function. This form displays clearly the diffusive dynamics induced by the L n decoherence channel in the phase angle, putting the initial intuition on firm ground. Figure 3 represents the evolution of the Wigner function of a superposition of coherent states. At a time scale τ s = 2/κ n n , the Gaussian spots start to spread along circles with a radius given by their respective amplitude. The same can be said for the Gaussian interference spot which is centered at the mid-point in phase space. At later times t τ c , the coherent states spread uniformly and are completely decohered as a statistical mixture of Fock states 1 .
In fact, we can better understand the structure of the Wigner function at finite times by explicitly writing the periodicity in the variable θ hidden in Eq. (29) . Indeed,
with ϑ(z; τ ) = n∈Z exp(πin 2 τ +2πinz) the Jacobi theta function. When κ n t 1, the expansion ϑ θ 2π ; i κnt 2π 1 + 2 n∈N * e −κnt/2 n 2 cos nθ can be used to approximate the Wigner function. For instance, if κ n t = 2, only the first harmonic of the Wigner function dominates with oscillations in amplitude of 74 % of the average value, the second harmonic being less than 2 %, as can be seen on Figs. 3 and 4 . This harmonic decomposition also shows that in the presence of symmetries in angle, for instance W (r, θ + 2π/p) = W (r, θ) for an integer p ≥ 2, the first non-zero modulation term scales as e −κntp 2 /2 . Thus, symmetric initial states will decohere much quicker than the ones that are not.
Finally, note that the presence of an interference pattern on Fig. 3 is not a signature of coherence between Fock state. For a different preparation like the one on Fig. 4 , the interference spot is completely washed out over a timescale of τ s . 
IV. EINSELECTION PROCESS
Now that we have a proper analytic solution of the problem and that we completely understand the evolution and characteristic timescales of each decoherence channel separately, which is summarized in Fig. 5 , we can analyze the einselection process in its full generality.
A. Pointer states dynamics
Intuitively, we expect the classical picture that emerges must be dominated by the quantum channel which has the strongest coupling constant [15] . We can in fact play with two parameters, the ratio κ n /κ a and the average energy of the state n .
One regime is when we have τ a /τ c ≈ κ n /κ a n 1 or equally n κ n /κ a . We expect in this case that Fock state decoherence dominates the dynamics. We can refine our statement by unraveling two subregimes with respect to the relaxation timescale τ r :
• In the range τ c τ a , τ r , or equally n κ n /κ a and τ r /τ c ≈ κ n /κ a 1, we have a proper decoherence on the Fock basis as we expected.
• However, for τ r τ c τ a , or equally n κ n /κ a and τ r /τ c ≈ κ n /κ a 1, we end up in the almost degenerate case n 1 where we relax on the vacuum state.
Thus, in the regime τ a τ c where the Fock decoherence dominates initially, we see that the relaxation induced by the L a channel forbids to transition toward a proper nontrivial coherent-state classical picture: before evolving towards a proper statistical mixture of coherent states, the system relaxes to the vacuum. All in all, the emergent physically meaningful classical picture is given by Fock states.
From the einselection perspective, a richer dynamics can be found in the complementary regime where τ a /τ c ≈ κ n /κ a n 1 or equally n κ n /κ a . Figure 6 shows the evolution of the Wigner function of a coherent state (with initially 40 photons on average) for this situation. We can at least see three different regimes:
• The regime with κ a κ n (first column with κ a = 5 κ n ). In this case, we see that coherent states remain largely unaffected by the environment and evolves according to the dynamics of the L a channel with the characteristic dissipation timescale τ r .
• The complementary regime with κ n κ a (third column with κ n = 5 κ a ) where the L n rules the dynamical evolution. We see that the coherent state is spread into a statistical mixture of Fock states over a timescale τ c which is then followed by the much slower process of relaxation.
• The intermediate regime with κ a ≈ κ n . In this case, it is not possible to clearly conclude which basis is the most classical one.
The previous discussion focused mainly on a preparation of coherent states. A similar discussion can be made if we prepare a Fock state. As expected, if the L n channel dominates, we observe a decoherence over the Fock basis with a slow relaxation towards the vacuum induce by the L a channel. Nonetheless, some subtleties, detailed in Appendix B, occur in the opposite situation because coherent states do not form a proper orthogonal basis. In the same way that a very close superposition of coherent states will not properly decohere under the influence of the L a channel, a Fock state, being a continuous superposition of coherent states, cannot properly evolve toward a classical mixture of coherent states.
B. Approximate pointer states
For a general dynamics, exact pointer states, defined as states that do not get entangled with the environment if they are initially prepared, do not exist. Instead, we have to rely on an approximate notion of pointer states to give a meaningful notion of an emergent classical description. Approximate pointer states are defined as the states that entangle the least with the environment according to a given entanglement measure. This notion is the natural way to go to generalize the idea that classical states should be states that are robust to the action of the environment.
Many different measures of entanglement exist in quantum information theory and it is not yet totally clear which one is the proper one to quantify the einselection process. For the sake of simplicity, we will consider the purity γ defined as 2 :
Approximate pointer states are then defined by searching for pure states that minimize the initial variation of the entropy or, in our case, maximize the purity variation. Before proceeding, we could inquire about the dependence of the approximate pointer states that we find on the entanglement witness that we choose. For instance, we could have chosen a whole class of entropies S α called the Rényi entropies [28] defined as S α (ρ) = 1 1−α tr ρ α . Using those entropies to find approximate pointer state do not change the conclusion if we are looking at the short-time evolution of a pure state. Indeed, if we prepare at t = 0 a pure state, we have that ρ α = ρ for α = 0. ThenṠ α = α 1−α trρρ α−1 = α 1−α trρρ which is equal, apart from a proportionality factor, to the evolution of purity. The approximate pointer states do not then depend on which measure we choose.
Coming back to the purity, its derivativeγ is linear in ∂ t ρ. We thus haveγ =γ a +γ n , whereγ a (resp.γ n ) is the contribution solely due to the L a (resp. L n ) channel. First of all, since each of these contributions is nonpositive, a pure state will stay pure if and only if it stays pure for each channel. In this case, it is easy to see that, unless one of the two constants κ a or κ n is zero, the only state staying pure is the vacuum state. That's why, in general, no exact pointer states exist for a complex open quantum dynamics and we have to look for approximate ones. Having said that, we now have to search for pure states that maximize the evolution of the purity at initial time. As a function of the matrix elements ρ mn of the initial state written in the Fock basis, the purities satisfy the equations:
γ a = −κ a m,n |ρ m,n | 2 (m + n) − 2ρ * m,n ρ m+1,n+1 (m + 1)(n + 1) .
To find the approximate pointer states, we thus have to optimize the initial pure state that minimize the absolute purity variation, under the constraint of a unit norm. It is also natural to fix the average energy of the wavepacket (otherwise, the vacuum is a trivial optimum). Since it is difficult to perform this optimization analytically, we performed it numerically using the Pagmo library [29] with the SNOPT algorithm [30] . We see on Fig. 7 that, when the average energy is a multiple of the number of photons, the optimal state deforms from a coherent state 2 The purity can be used to define a notion of entropy S = 1 − γ called the linear entropy. to a Fock state. The optimal purity variation,γ opt as a function of (κ a , κ n ), can be seen for different number of photons on Fig. 8 . The time evolution of the approximate pointer states is discussed in Appendix D. Furthermore, a remarkable fact can be seen by looking at the overlap between the Fock state of energy n 0 and the optimal pure state |ψ opt : Fock states remain the approximate pointer states even in the presence of the L a decoherence channel at small coupling κ a κ n . This is characterized by the presence of a plateau on the overlap | n 0 |ψ opt | as a function of κ a /(κ a + κ n ) as shown on Fig. 8 .
To better understand this phenomenon, it is instructive to look at the evolution of the purity for a state not far away from the Fock state |n 0 and see how this small perturbation changes or not the optimal problem. Introducing the coefficients c n = δ n,n0 + n , with | n | 1, we have:γ
γ a = −2 κ a n 0 (1 + 2 n0 ) 2 + n | n | 2 (n + n 0 )
The norm and energy constraints can be rewritten as the We see that in the low κa regime, the approximate pointer state |ψopt is still a Fock state, until the critical value κn/κa = n0 + n0(n0 + 1) + 1/2. As expected, the variation of purity linearly decreases on this plateau. equation system:
Using the global phase symmetry of the quantum state, we can fix n0 (an imaginary part on n0 corresponds to changing the phase of the initial Fock state). Furthermore, using both constraints, we can eliminate all the terms containing n0 . The variation of purity takes the form:γ 2 = κ a n 0 − n | n | 2 κ n (n − n 0 ) 2
We see that under the normalization constraint, Fock states are always stationary points of the purity variation. Furthermore, provided that κ n > 4κ a , the purity variation is a maximum along all directions except possibly on the plane ( n0−1 , n0+1 ). We can thus concentrate on this plane. In this case, the constraint Eq. (34b) is simply | n0−1 | 2 = | n0+1 | 2 . If we denote θ the phase difference between n0−1 and n0+1 , the tipping point occurs when:
κ n /κ a = n 0 + 1 2 + n 0 (n 0 + 1) cos θ . Since κ n has to be maximum, we can keep θ = 0. And thus:
This equation gives the critical point where Fock states are no longer the einselected states of our dynamics and explains the qualitative features of Fig. 8 . Actually, what we just shown is that a Fock state is always a stationary point of the purity variation. Given the norm and energy constraints, it moves from an extremum to a saddle point exactly when κ n /κ a = n 0 + n 0 (n 0 + 1) + 1/2, with n 0 the average energy of the state. When n 0 1, κ n /κ a ≈ 2n 0 + 1. As such, when n 0 becomes bigger, the size of the plateau on which the Fock state remains the einselected state becomes smaller. Away from the critical point, the most robust state becomes the state that interpolate between a number and coherent state of Fig. 7 .
V. DISCUSSIONS AND CONCLUSION
We discussed here the einselection process in the presence of two incompatible decoherence channels and used the characterization of approximate pointer states as states that entangle the least with the environment. By choosing an entanglement measure, they are found by solving an optimization problem from the short-time open evolution of pure states (under natural constraints). Two drawbacks of this approach to the einselection problem can be stated: how the choice of the entanglement measure influences the answer and does an optimal state remain robust over time (validity of the short-time hypothesis)? As we already discussed, focusing on the short-time evolution basically solves the issue of which entanglement measure to choose, but the problem remains open in general.
From the exact solution of the model, we can compare the evolution over time of the purity between the optimal, the Fock and the coherent state of a given energy as shown in Fig. 9 . As expected, we observe that, at short times, the evolution of purity is the slowest for the optimal state (by construction) while, at very long time compared to the relaxation time, everything converges toward the same value since we are basically in the vacuum. However, at intermediate timescales, the evolution of purity gets quite involved and we see that it may even be possible that the optimal state does not remain so and this is strongly dependent on the coupling constants. In this case, one can get an intuition of this behavior because the optimal states have a smaller spreading on the Fock basis than the coherent states and as such, contract to the vacuum slower. Thus, while the definition of approximate pointer states is physically intuitive, the question remains on how to properly characterize them from an information perspective but also from a dynamical perspective.
A general question that we can also ask in the perspective we adopted here on understanding the emergence of a classical picture from a complex environment would be the following: what can we learn about the dynamics and the einselection process of the model through the general features of the model like the algebraic relations between the jump operators? Naturally, the whole problem depends on the kind of dynamical approximations we do, if we start from the exact Hamiltonian dynamics or from an approximate master equation like the Lindblad equation as we did and still have in mind here.
Focusing on the general dynamics first, we saw that, given the Lindblad equation and the commutation relations of the jump operators, the dynamics can be exactly solved algebraically by adopting a quantum channel perspective: the full dynamics of the model decouples and we can look at the evolution of both quantum channels separately, which is an easy task. In fact, our solution can be abstracted in the following sense. Consider an open quantum dynamics with a damping channel encoded by the jump operator L and a number decoherence channel encoded by the jump operator L † L. Our approach can then be followed steps by steps again. It however opens the question on how to defined a proper phase space associated to a jump operator (through, for instance, generalized coherent states [31] ), how to generalize characteristic functions like the Wigner representation and verify if the phase space perspective on decoherence developed throughout our analysis still holds in this generalized context.
Concerning the einselection process however, note that having a general solution does not mean that finding the approximate pointer states is also solved. The problem remains here largely open when we have many incompatible decoherence channels. Indeed, not only does the algebraic structure influences the einselection process but also the set of coupling constants and how they run as a function of the energy [14, 15] .
We can start to grasp those subtleties already when a thermal environment is present (taking into account a thermal environment in our model can be done as shown in Appendix C). Indeed, absorption processes can occur which forces us to consider a jump operator of the form L a † = √ κ an a † . However, such a jump taken alone is hardly meaningful (the state evolves toward an infinite energy configuration). Relaxation processes have to be taken into account and this is summed up by the usual commutation relations between a and a † . Still, this is not sufficient to reach equilibrium and proper relations between the coupling constants of the different processes must exist. This well known example already shows that relating the general features of the open quantum dynamics to the einselection process is not that straightforward.
The model studied in this paper behaves quite intuitively: when one of the coupling dominates, the associated decoherence channel controls the einselection process. However, when both couplings are comparable, the non-trivial commutation relations between the jump operators enter the game. No exact pointer basis exists and the robust states interpolate between the extreme cases and how far they are from them depends on the relative values of the coupling constants again. Still, we also unraveled the fact that, given some constraints, the transition from one class of pointer states to another as a function of the relative values of the couplings is not smooth: below a critical value, Fock states remains exactly the most robust states. How can such a behavior be anticipated from the structure of the dynamics remains to be explored. In the end, this shows that the question of predicting general features of the emergent classical picture only from the structure of the interaction (algebraic relations between jump operators, set of coupling constants) still calls for a deeper understanding.
In summary, we solved exactly a model of decoherence for an open quantum system composed of two incompatible decoherence channels using quantum trajectories and phase-space techniques. We then studied numerically the dynamical emergence of a classical picture. We were then able to see how the selection of approximate pointer states depends on the relative values of the coupling constants. This unraveled the remarkable robustness of Fock states relative to a decoherence on the coherent state basis and we were able to analyze quantitatively the critical coupling where this robustness gets lost. Our results show that the physics of decoherence and einselection still has a lot to offer when a complex dynamics is at play. 
Decoherence on the coherent states basis
If we initially prepare the cavity in the Fock state |m , then the L n dynamics is trivial. As we have seen on Eq. (12), the state inside the cavity can be described as a classical mixture of Fock state, the probability to have the state |k being given by:
which is a binomial distribution of parameters m and p = e −κat . The mean of such a distribution is mp and its variance is σ 2 = mp(1 − p). For small times, we have σ 2 mκ a t. This timescale is comparable to the decoherence timescale τ a we introduced in Eq. (18) for the coherent states. We see that in this case, it corresponds to the time it takes for the probability distribution to spread over several Fock states. In the Wigner function, it corresponds to the attenuation of the oscillations near the origin (see Fig. 10 ).
On the contrary, this does not correspond to a fast decoherence over coherent states. Since the Fock states have no definite phase, it is natural to look for a mixture of coherent states which is uniform in its phase distribution. A natural expression for any state without phase preference would thus be:
ρ =ˆq(n 0 ) | √ n 0 e iθ √ n 0 e iθ | dθdn 0 .
We can easily show that ρ = nˆq (n 0 )P n0 (n) dn 0 |n n| ,
where P n0 is the Poisson distribution of rate n 0 . The resulting distribution over Fock states thus has a variance equal to its mean. This is approximately the case for the binomial distribution only when p 0.
As such, the timescale to have decoherence over coherent states from an initial Fock states is 1/κ a , the same as the relaxation scale. This situation is actually similar as the one for coherent states in respect to the L n dynamics: the short timescale governs the spreading in phase space, while the long timescale governs the decoherence between the Fock states. This is summarized on Table I. characteristic function is then slightly modified and becomes inhomogenous in the r variable:
r∂ r C ρ (r, n) = iω c n − n 2 κ n 2 C ρ (r, n) − κ an r 2 C ρ .
The general solution of this equation is given by:
C ρ (r, n, t) = C 0 (re −κat/2 , n) e (iωcn− κn 2 n 2 )t e −nr 2 (1−e κa t ) = C (T ) ρ (r, n, t) e − κn 2 n 2 t .
with C (T ) ρ (r, n, t) the characteristic function obtained when the channel L n is absent (damped harmonic oscillator at non zero temperature). 
